Transition path sampling and the calculation of rate constants
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We have developed a method to study transition pathways for rare events in complex systems. The
method can be used to determine rate constants for transitions between stable states by turning the
calculation of reactive flux correlation functions into the computation of an isomorphic reversible
work. In contrast to previous dynamical approaches, the method relies neither on prior knowledge
nor on explicit specification of transition states. Rather, it provides an importance sampling from
which transition states can be characterized statistically. A simple model is analyzed to illustrate the
methodology. ©1998 American Institute of PhysidsS0021-96068)52504-4

I. INTRODUCTION collect an ensemble of representative paths and simulta-
neously sample physically relevant quantities. The Markov
The computation of rate constants of dynamical pro-chain for the path can be described by an action, analogous
cesses dominated by rare events has been the focus of magya discretized quantum path integral acttén’
numerical studies. The traditional method to compute these In Sec. Il we introduce the stochastic description of a
rates is to identify the transition state of the process as @&ansition path and the notion of an action representing the
function of some order parameter, followed by the samplingpath. We derive expressions for the action for two different
of molecular simulation trajectories departing from this tran-Markovian transition probabilities, namely, those for Me-
sition state:™ However, for many systems, in particular tropolis Monte Carlo and Brownian dynamics. In Sec. Il we
complex condensed matter systems, the location of transitiodiscuss several methods to sample the action; these are a
states is unknown or not explicitly specifiable. Due to thelocal Monte Carlo algorithm, configurational bias Monte
high dimensionality of the phase space, the energy landscajggarlo, and a dynamical sampling algorithm. In Sec. IV we
will be rugged, dense with saddle points and many possibleescribe how one can calculate rate constants of a dynamical
transition states. Further, the order parameter characteriziqgrocess dominated by rare events, by using transition path
stable states can be a poor approximation to the reactioampling. The results for an illustrative simple model are
coordinate, as illustrated in Fig. 1. These features woulgresented in Sec. V. The model is sufficiently simple that it
present no difficulty if it were possible to sample transitioncan be studied by either standard sampling or path sampling.
paths statistically, without specific knowledge of the transi-For this model, therefore, we carry out a comparison be-
tion statés). This possibility is the subject of this paper. tween the new and traditional methods. Section VI contains
Many studies have been devoted to the search of transthe conclusions. As the methodology includes some intricate
tion paths. For example, there are methods available whichRquations, we use appendices to augment the discussion in
locate transition states by looking for explicit individual the main text.
saddle points in the potential energy landscaeThis ap-
proach is useful for low dimensional systems. In contrast
with searching for saddle points directly, other methods bell. THE ACTION FOR TRANSITION PATHS
ginning with Pratt’s proposal,use statistical procedures to _ S
find transition pathways between stable states. For complex A path in space—time s given by an ordered sequence of
systems, this approach is a significant step in the right direcs 1 COPies of phase spacpo—X,—---—X, }, wherex,
tion. To date, however, applications have employed ad hogenotes a point |n-Q|menS|oan phase spageositionr ,
(i.e., non dynamicalrules for the weight governing path momentumpT). The time label isr=0,1,...L; the connec-.
statisticst0-15 tion to physical time depends on the nature of the underlying

Pratt proposed to use a Markov chain of states betweeHanSition rule. The path action therefore depends\Ngr- 2

stable states as a stochastic description of the transitioﬁDX(LJrl) C(_)ordmates. .

path® Usage of explicit deterministic Newtonian trajectories _If consec_u_tlve states _qf the system are linked by a Mar-
for this purpose is fraught with problems, as the chaotic nakowan transition p.rOb".ib'“typ(XTHXT”)’ the probability
ture of high dimensional systems makes it very hard to finofOr the whole path is given by the product

just the right initial conditions that lead the path over the L-1

barrier to the final stable state. Introducing noise or partially e*BE(X")H P(X;—X711); 1
averaging over initial conditions can produce path distribu- =0

tions that are not problematical. The paths can be seen dere 8=1/kgT andE(X,) is the total energy at,., and the
polymers in which subsequent beads represent the state wiitial time slice is canonically distributed. To sample transi-
the system at subsequent time slices, as illustrated in Fig. 1ion paths, we include the endpoint constrainggx,) and
By moving the whole path through phase space, we mayg(x,.) in the path probability:
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() gives the transition probability for amcceptechew element
r’ in the Markov chain, and

Q(r)=1—fdr”w(rar”) (40

is the probability ofrejecting a trial move atr. The delta
distribution appears because there is a finite rejection prob-
ability in the probability densitp(r—r’). »(r,r’) is a sym-
metric function which decays rapidly for growing—r’'|,

for example a Gaussian or a characteristic function with sup-
port in a small intervalAr aroundr (the standard choice in
Metropolis Monte Carlp The min-function returns the
smaller of its arguments. The term involving t©Qér) in Eq.

{b) (4a), clearly necessary to ensure normalization and a detailed
balance, was unfortunately omitted in Pratt's formulation of
Monte Carlo chains of statés.

The transition probability4a corresponds to the well
known Metropolis Monte Carlo rule with a generating prob-
ability n(r,r’) and acceptance probability
min[1,e~A(EC)~EM)] 18 The Metropolis algorithm is in fact
: : : an ingenious construction which allows us to avoid the ex-
a4 B 1 plicit calculation of the rejection probabilityQ(r). On the
FIG. 1. (a) Schematic energy landscap(q,q’), with reactant regiorA other hand, we then have no control over the endpoints of the
and product regioB. The chain of beads is a discretized path as used in outtrajectory which we generate. In the transition path problem,
Eag: Zir’:‘”';t]igno-r:t f,eF’(L‘;dgccsznﬁig‘;:gzcgne;dioglggorg(i::)"’:gfmw?é;h dependge want to generate a specific subset of Markov chains
=0— kBTqug qu’e?(ﬁ{—ﬁE(q,q’)}. The coordingtyaq adgquately ghara(l?:ger— which satisfiy the_bounda_r.y constralr’r_t_ﬁ(ro) andhg(ry).
izes the stable states negq, andq=gg . The free energyF(q) has a The Metropolis transition probability conserves the ca-

maximum atq=q*. This value ofq is far from that associated with the nonical ensemble,
dynamical bottleneck separating the two stable states.

f dre PEp(r—r’)=e FE(), (5
and it is normalized by construction.
expl— Y Xg,X1,--- X ]) y
L—-1
];[O p(XT—>XT+l)

=hp(xp)e PEX0 hg(x,). (2)  B. The Langevin action

A many-body system evolving according to the Lange-

ha(xo) forces the path to start in regioh (the reactant re- vin equation obeys the equations of motion,
gion), andhg(x, ) constrains the path to end in regiBn(the

product regioin For this purpose, we choose the character- I'=v, 6)
istic function . _
mv=F(r)—yp+.%,
ha g )z[l’ !f XxeA,B, (3) wherer andp=muv denote the positions and momenta of the
' 0 if x¢AB. particles, respectivelyF=—4V/dr is the intermolecular
force, andy is a friction coefficient. The state of the system
at time 7 is given byx,={r,v,}. The random forcez,
b_which is assumed to be a Gaussian random variable uncor-
related in time'® (. 72(t).72(0)) = 2mykg T &(t), acts as a heat
bath compensating for the energy dissipated by the frictional
term — yp. Consequently, trajectories evolving according to
A. The Metropolis action the Langevin equation conserve the canonical ensemble. Fur-
The transition probabilityp(r —r’) for a Markov pro- ~thermore, the random coupling to the heat bath introduces a
cess generated by the Metropolis Monte Carlo algorithm is Stochastic element into the dynamics of the system “smear-
ing out” its deterministic trajectory. Therefore, the time evo-
p(r—=r")=w(r—r’")+8(r—r")Q(r), (48 lution of the system during a short tim&t consists of a
systematic parxs and a random pardxg induced by the
stochastic force:

w(r—r")=y(r,r")min[1,e~ AET)~EM)] (4b) X, 1=X,+ OXg+ OXg. (7)

The evolution fromA to B takes place irL steps. Equation
(2) defines the action for transition paths.

We are free to choose any Markovian transition pro
ability p(x,—X,.1) which conserves the Boltzmann distri-
bution and is normalized.

where
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Hence, the probability for a transition from, to x,,; is In contrast to the Metropolis transition probability, the
given by Langevin transition probability is a smooth function of the
) endpoints of the path. This feature makes the Langevin tran-

sition probability suitable for the application of the dynami-
wherew(dxg) is the probability distribution of the random cal algorithms presented in subsequent sections.
displacementxg . For given endpointg,. andx,, 4 the ran-
dom partéxg can be obtained from Edq7), where the sys-
tematic partdxg must be evaluated with an appropriate inte-1ll. SAMPLING THE DISTRIBUTION OF PATHS
grator. We refer the reader to Appendix A for an efficient _ ) .
scheme to determinéxs for Langevin dynamics. By concat- The definition(2) of the.actlo.n makgs the path probabil-
enatingL short-time transition probabilitie&8) one finally ity analogous to the canonical distribution for a polymer sys-
obtains the probability of a path of lengtA=LAt. tem:

As shown by Chandrasekh&rthe distributionw of the exp{ — St—exp[— BV}. (14)

random displacementéxy can be calculated analytically if
the dynamics of the system is governed by the equations

p(XT—>XT+ l) :W( 5XR) ’

0\( is the potential energy of the polymer system depending
on all the configuration coordinates. In the path case the

motion (6): _ . -
fon (6) action S plays the role of the potential eneryy multiplied
W(OXR) = ( 2mwa o, N1—C2, ) -D by the inverse temperatug@
b w2 w2 In the following sections we exploit this isomorphism
<] exp - 1 % n Sur and adapt Monte Carlo methods and dynamical methods
a=1 2(1- crzv) oy o, originally developed to sample the canonical probability den-
5 5 sity of many-particle systems to the path sampling problem.
ra Ua
—ZCrU(—R)( R) ] (99  A. Monte Carlo algorithms
Oy gy

_ ) Monte Carlo algorithms for transition path sampling can
where oxg={drr, Svr} anda denotes the different compo- o yerived in analogy to polymer Monte Carlo methods. The

nents of the displacement vectofsg and dvg. Since the g jast representative is the local algorithm, which makes
components of the random force are assumed to be UNCOITgsas for each time slice individually. In contrast, the con-

lated also the components of the random displacements aggy \rational bias Monte CarléCBMC) algorithm attempts to
independent from each other. However, the bivariate d'sm'regrow the entire path in one step. To increase the probabil-

bution (9) couples the configuration and momentum com|o_o-|,[y that the regrown path reaches regBnwe guide the path

nents,or“ and év“, of the randqm dlsple_lc_ement. Thfa vari- (owardsB with a guiding field.
anceso, ando, and the correlation coefficiewt, are given

by .
1. Local algorithm
T
or2=At i[z—(3—4e* YAl = 27AY AL, A local Monte Carlo algorithm samples each time slice
my individually. The acceptance probability for a change in an
KgT intermediate time slice is
oi=——(1—e 2, (10 ,
m Pacd X;—X]
kgT — '
Crvaravzi(l—e’ym)z. —min 1, Pge,{xj] exp(—S[Xg, ... X, ... X ])
my Pged X1 XP(—S[Xo, - - - Xy .. X))
In the limit of high friction the inertial term in the equa- PoofX.] PO 1—X)PX—X s 1)
tion of motion(6) can be neglected, leading to the simplified =mi {1, g T PIXra =X )P 2 X1 , (15)
equation Poed X,] P(X,—1—X)P(X,— X, 1 1)

- B whereP [ x.] is thea priori generating probability for the
myr=F(r+7. (1 trial moeex;. We refer to the phase space variables, in
Accordingly, the system at time slicecorresponding td  Eq. (15) to emphasize that the Monte Carlo sampling of
=7At is completely defined by its position coordinates  paths applies in principle to paths, either in configuration
In this case, the random displacemeny, is distributed ac- space or phase space. In this paper, however, our use of

cording tg° Monte Carlo sampling is confined to configuration space,
D 1 (6r2)2 with variablesr - . '
w(srp) =11 —mexp[ — _Rz} (12) In constructing a local algorithm for the Metropolis path
a=1 0(27) 207 action, one faces the problem thatr —r’) contains a sin-
where the variance, is given by gular part 5(r—r’)Q(r)_. Pged 7] should be chosen_in a
manner that creates rejected steps in the Markov chain with a
Urzzz':s_-'y—m_ (13) :lunllée probability. This can be achieved with the following
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(rTIr;)J’_ 5(r7’-_rT*l)Q(rTfl)—i_5(r7’-_rr+l)Q(rT+l)
|g|(r7)+Q(rT—l)+Q(r’T+l) '
g(r,r') generates trials’ which correspond to accepted trial steps in the underlying Metropolis Markov chain. It is a
rapidly decaying function with finite nornjg|(r)=/dr'g(r,r'); we use a Gaussian with widthry, i.e., g(r,r’)
=exp{—(r—r’)2/(20§)}. The generating probabili§i6) simplifies the acceptance rUlEg. (15)] considerably; in particular, the
delta distributions will always arise in pairs in the numerator and the denominator. We rewrit&5Em the form
Pacd I -—1;]=min[1A/B]; (17)

where

Pger[r;-] = 2 (16)

_ w(rT*l_)r‘rJrl)! if r;zrrfl or r;-:rTJrl;
“o(r_i—rDe(rl—r . )/g(r,,rl), otherwise. (18

w(r'r—l_)r'r+1)! if r,=r,—1 OF I, =r.4j,
o(r_1—r)o(r,—r_,)/g(r.,r’), otherwise.

The algorithm above holds for all intermediate time slices;where the guiding field, can be any function satisfying
Appendix B gives the local algorithm for the endpoims  4,=0 and¢,_ =0. The generating probabiliﬁge,{r;] in the
andr_. guiding field scheme is proportional t@(r, ,—r))
While correct in principle, the local algorithm scales x exd ¢, _(r,_;)— . (r)]. The acceptance probability has
with_ L3 (Ref. 17 and hence quilibrates vgry slowly. Col—_ to be changed in accordanceﬁge,{r;]; the choice for the
lective moves of the path can improve this sampling effi-g,iging field strongly affects the efficiency of the algorithm.
ciency by one or more powers &f Further details concerning the CBMC algorithm with a guid-
ing field are in Appendix B. Finally, one can also define a
guiding force as the negative gradient of the guiding field.
2. Configurational bias sampling The guiding force can be used to construct a CBMC-like

. _ scheme for Langevin paths.
The CBMC method samples equilibrium conformations

of a polymer by regrowing the entire chain in a biased
fashion?! since a chain generated at random is very likely to _ _
overlap with itself and/or with its neighbors, each segment i$3- Dynamical algorithms

regrown with a bias proportional to its Boltzmann weight. CBMC methods are only one of the possible techniques
There is a correction for the biased growth called the Rosennt improve upon local MC algorithms. One can, for ex-
bluth weight which enters the acceptance probability in theample, speed up the simulation considerably by adopting
CBMC algorithm. The Rosenbluth weight is defined as thegmart MC methods which use the gradient of the acBEX)
ratio W, =P,/e" >, whereP, is the total CBMC generating 55 additional informatio Alternatively, one may use a dy-
probability of patha, andS, is a’s path action. The detailed namical algorithm capable of generating paths according to
balance condition immediately leads t®;.{a—b)  their action in an efficient way. It is, however, important to
=min[IWp/W,]. _ keep in mind that the artificial dynamics of the path is com-
For free pathgwith trivial boundary constraintBa(ro)  pletely different from the real dynamics of the original sys-
=1 andhg(r,)=1], it is possible to generate new paths tem alongthe path. The former is nothing more than a con-
which will be accepted with probability one. The CBMC yenjent method to generate paths according to their action
generating probability is proportional to the Markovian tran-3nd has no physical meaning. We note that similar methods
sition probability; for each time slice, one generakesials  nhave been used for the evaluation of quantum path integrals
{r,i=1,... k at random and calculates the transition anq fermionic determinanté:2
probability p(r,_;—r ). By taking the analogy14) one step further, we define a
Since the endpoint constraihg(r.) is seldom satisfied momentum P conjugate to the path coordinateX
for an unbiased path, we use a generating probability which={x, ... x,} and complement the action with the related

includes a guiding field. This idea has been introduced in rtificial kinetic energy obtaining the path Hamiltonian,
slightly different context by Garel and OrlaAti®® It makes

. . Np 2
f the identit @
se ot the identty He(X,P)= > % +S(X). (20
L-1 L—1 o 2M
TE[O P(r,—rrig)= 71;[0 P(r—T 1) eXH ¢.(r) Np=2D(L+1) is the dimension of the path space avids
an artificial mass associated with the pafth), denotes the
— ¢ 1(r )]s (19 artificial momentum conjugated to the degree of freedem
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of the path. The following equations in artificial timede- V. CALCULATING RATE CONSTANTS
rived from the path HamiltoniafR0) move the path through

path space at constahi,: The calculation of rate constants is one of the most im-

portant goals of numerical studies of dynamical processes. In

X=3Hp/dP=PIM, this section, we use correlation function formulas to relate
) (2D the rate constant to transition path sampling. Further, we use
=—JHp/dX=—VyS(X). these formulas to determine the path lengttsufficient to

I . adequately sample the ensemble of transition paths. The phe-
Here, the dot denotes the derivative with respect to the arti- quatety P tion p P

ficial time 6. Since these equations of motion conserve thenomenological rate constants can be related to microscopic
o . averages using the fluctuation—dissipation theofsee for

path HamiltonianHp, a path-trajectory generated g1) example Ref. 8

does not visit points in phase space according to '

exp{—9Xo,-.-x ]} If, however, one occasionally selects one (ha(X(0))hg(x(1)))

or more degrees of freedom and redraws the associated path k(t)= ThAX(0)))

momentaP , from the Maxwell-Boltzmann distribution,

1 p2 where h, and hg are the characteristic functions for the

p(P,)= ——exp — _“} (22)  stable states as defined in H@), the dot denotes the time
V27M 2M derivative of the function, antf,}=k,_g+kg_.4 is the re-

the path samples the correct distribution. Between these rajxation time withky g andkg._,, as the forward and back-
i ) . ward reaction rate constants, respectively. The bracke}s

dom events the time evolution of the path is governed by th(lendicate ensemble everages. In the above equation, it is as-

equations of motior(21). This stochastic method, which is ges. q X

known as the Andersen thermostat, corresponds to coupli Fumed that(hA}HhB)%l’ which re_flects the fact that—
rX?ecause of a high free energy barrier—the system is nearly

}gebgiteh dtooﬁn;mgégirﬁgﬁ b dalfg VtV:hBi:]?nmgﬁLatg%gg L Ialways in one of the stable states and hardly ever at the top
' of the barrier.

subsequently popularized by Andersént each collision The correlation function in Eq24) is the time deriva-

with the heat path the path is hoppllng.between shells COMSive of the probability for the system to be in regiBrat time
sponding to different values dflp, visiting the path space t provided it was in regiorA at time 0. For barriers large

with the correct probability. A similar method consists in :
; ) . compared tkgT, the function reaches a plateau after a cer-
using the Langevin equation to move the path through path

space?® Alternatively, to generate a canonical distribution of tain short molecular relaxation timgq<ty,. Because of

paths one may apply deterministic thermostats like thé[hIS separation of time scales, exfllt,x,) ~1 in this region,

Nose-Hoover thermost3®3 or the Gaussian isokinetic and the functiork(t) is equal to the phenomenological rate
constantk,_,g we want to calculate.

thermostat?33However, these thermostats fail to sample the The correlation functiork(t). however, is not conve-

canonical distribution ergodically if the forces are nearly har- . '

monic, as is the case for path forces7 S(X) derived from niently formulated for the transition path method. We there-
' P X fore change to a discrete representation of time in which the

the Langevin transition probability. . .
The integration of the equations of moti¢2l) requires }lzn;i(sllgf)s ;Sre labeled by=t/At. Subsequently, we factor-

the calculation of the path forces VyS(X). Writing the

action as k(TAt)=v(7)P(L), (25)
L-1

S=BE(Xo)~ 2, l0g p(X,—X;+1) ~10g ha(xo)

=

~ kA~>B eXFx - t/trxn) ) (24)

wherelL is the total number of time slices of the path,

_ <hA(XO)hB(X7—)> _ <hA(X0)hB(X7)hB(XL)>
~1og he(x0) @ TR Goe(x0) | (MAoNa(x)
makes clear that different path forces arise from the canoni-

cal distribution of states in the first time slice, the chain of =(ha(X:)ag. (26
transition probabilities linking adjacent time slices, and thegpq

initial and final constraint on the path. If the regiohsandB

are described by the characteristic functi@Bisthe endpoints P(L)= (ha(X)hg(xp)) WL 27

of the paths are confined to their respective regions by con- (ha(Xo))

tainers with hard walls. The combination of all forces leads _

to a path trajectory in artificial time consisting of smooth The average€hg(x,))ag is the time derivative of the prob-
streaming segments interrupted by impulsive collisions ofability that on a path betweeA and B, regionB will be
the path endpoints with the constraining boundaries. In Apfeached afterr time steps. The subscrigB indicates that
pendix C we give a detailed description of the path forcesthe initial and final constraints are included in the transition
Furthermore, we derive appropriate collision rules for thepath ensemble average. The approximate equality ofZ&).
path endpoints and explain how to combine them with thecan be explained as follows. By definimg(x) =1—hg(x)
smooth flow of the system between collisions. we can write
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(ha(Xo) Ng(X,)) = (Na(Xo) g(X,) (hg(xL) + hE(X))) the whole of phase space, we gradually decrease the size of
region B, until we reach the original final region. If the
~(ha(Xo)hg(X,)hg(x.)), (28)  characteristic functiom{) is a continuous function, we can

simply sample the derivative in the integrand of E20). In

case of a discontinuous characteristic function one cannot

take the analytical derivative, because the only influence of

' the constraint lies in the path momentum reversal upon col-

contribution of(ha(Xo)hg(X,)hg(x.)). lision with the constraint wall. However, we can circumvent
Since the factoP(L) in Eg. (25) does not depend of  thjs problem by writing the derivative as

we expectr(7) to reach a plateau value after a certain time

tmol- This plateau value is to be used in the calculation of theiln(hA(xo)h(”(x,_»
rate constank, .5 . In fact, we can use this as a criterion to d\ B

where we make use of the fact thiaf,<LAt<t,,. Once
the path has reached regi@it will stay there for a long
period on the scale df,, and we can therefore neglect the

check if our transition path is long enough, i.e., consists of a At AN N
sufficient number of time slices to capture the most likely - |y 1 (ha(xo)hg " (x)) — (ha(xo) 5" (x0)
transition paths. ar—o AN (ha(x)hg(x))

The functionP(L) is the probability a path initiated in

. ) . . : o (30
region A will reach regionB in L time steps. In principle,
this average could be calculated by an ordinary simulatiorfhe fraction in the last equation denotes the probability to
which starts inA. However, for large barriers the probability find the endpoint in an infinitesimal shell in phase space
to reachB in L time steps is vanishingly small. An attempt to between regiorB, andB, .4, . In the dynamical path inte-
use directed path simulation in a straightforward vajth- gration scheme this is equal to the fraction of time the end-
out the constraint for the endpojnivould also suffer from point spends in that shell. If the thickness of the shell is
extremely poor statistics. infinitesimal small the timel 6 spent in the shell is inversely

It is illuminating to interpret the functioMV(L) we in-  Proportional to the artificial velocity of the endpoint normal
troduced in Eq.(27) as the isomorphic reversible work to the shell boundary,
needed to constrain the endpoftitne slicel) of the path to dr(n)
regionB. This analogy allows us to invoke techniques that gg=2 . (31)
have been developed for the calculation of the free energy in v-n
complex systems.

One way to make the calculation &(L) numerically
tractable is using a method related to umbrella sampftrg.
We divide the phase space in several regions or “windows - ; ) -
B, , where\ is a parameter characterizing the region. weBx- Both v, andn have the dimensionality of the phase
perform path simulations in which the constraint for initial SPace Of the system. Summing over the collisions leads to the
region A remains fixed, but in which the final region is de- desired fraction:
fined byB, . For every simulation we divide this phase space d 11
regionB, into a(large) number of thin shells and histogram ﬁ|n<hA(XO)hg\)(XL)>: e % do
the probability to find the endpoint in these shells. These
histograms are not normalized but have an unknown prefac- 2 dr(\) 1
tor because endpoints outside regBpare excluded in the "0 dN & .0 (32)
simulation. Matching the histograms of each window results -
in a “master histogram” representing the entire probabilityWhEl‘G@ is the total artificial time of the simulation. Substi-
distribution of finding the endpoint in the shell characterizedtuting Eq.(32) in Eq. (29) we obtain

Here,dr(\) is the thickness of the shell as a function)of
v, is the artificial velocity of the endpoint in path space, and

,n is the inwards directed normal to the boundary of region

by parametem. The desired correlation functioR(L) or (ha(Xo)ha(X\))
equivalently the reversible work functio'(L) is then easily —W(L)=In A ho 8L
found by integration. (ha(Xo))
Alternatively, one can use thermodynamic integration to 1 2dr(\) 1
calculateW(L), =j d)\——Z e (33
0 0 d\ coll vL-n
_W(L):mw This expression can be evaluated by performing several
alXo simulations for different values of, measuring the integran
(ha(xo)) imulations for diff lues of ing the i d

1 d and finally calculating the integral ovarnumerically.
=f d)\ﬁlmhA(xo)h(B“(x,_)). (29)

0
V. NUMERICAL ILLUSTRATIONS

As in umbrella sampling we perform path simulations in .
Ping P b A. Model potential

which the constraint for initial regioA remains fixed, but in
which we vary the size of final regioB as a function of a In this section, we illustrate the consistency of the path
parametei. Starting with a final regio, which comprises sampling method with standard simulation techniques. For
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estimated by MC-integration, where 100 trial displacements
were drawn from the Gaussian distributiepr,r’).

The CBMC runs use a guiding field expa,(r)}
=exp[B*V(r)} with 8* =2.5, except for the endpoints where
exp{— ¢, t=1. This particular guiding field was chosen after
studying the convergence of the energy profile for different
choices of3*. A series of short runs shows poor conver-
gence for smaller or larger values 8f because the rate of
acceptance is low. The upper summation limitkis 100.
With this choice, about 0.3% of the CBMC trial paths reach

-5 1 05 0 05 1 15 the final region, and the overall acceptance rate is 6

X104,

FIG. 2. Contour lines of the two-dimensional model potential used in the Both the local ar;d the CBMC algorlt.hm simulations

numerical simulations. The dashed circles mark the initial and final regionVere performed for 10passes. One pass is an average of

with radiusR=0.7 centered around<1,0) and(1,0). one trial move for each time slice for the local algorithm and
one attempt to grow a path for the CBMC algorithm. Both
algorithms require about the same amount of CPU time per

simplicity, we consider a system consisting of one particle inyass; since the estimation of the rejection fa€d¢r) (local

the following simple two-dimensional potential: algorithm) and the trial moves for each time sli¢€€BMC)
V(X,Y) = (4(1—x2—y?)2+2(x2—2)%+ ((x+y)2—1)? are the time-consuming operations in each case.
5 ) The consistency of the path simulations with a straight-
+((x—y)*=1)°=2)/6. (34 forward MC simulation using the same parameters can be

Throughout the paper we use reduced units. As can be seépsted by comparing the average potential energy and the
in Fig. 2, the potential has two minima separated by a bar€nergy fluctuation. In Fig. 3 the potential energy and the
rier. At the barrier there are two transition states. In all thenergy fluctuations are plotted as a function of the time slice
simulations discussed in this section, the reciprocal temperdaPe€l for the two path algorithms and the straightforward
ture wasB=8. The corresponding temperature is still high method. The agreement is excellent, thus validgting the us-
enough to allow the reproduction of transition path simula-29€¢ of MC path sampling. We note that the maximum of the
tions by unconstrained methods. For the rate constant to egotential energy profile is below the transition state value.
ist, particles must remain most of the time in one of theTh® maximum of the potential energy of an individual path
stable states. Therefore, we chose the initial and final regioA0€S not occur at a specific time slice but shifts for different
such that at the temperature under consideration the particl§2lizations of the transition path. Therefore the averaging
stays 99% of the time in either regidnor B. The initial and ~ Over the path ensemble smears out the potential energy pro-

final region are defined as circles with a radiusRof 0.7 file.

centered arounék= =1, y=0) as indicated in the figure. In case of the dynamical algorithms, we compared the
Langevin path dynamics using the Andersen thermostat with

straightforward Brownian dynamics. Both the high friction
limit as well as the case including inertidull Langevin

We performed three types of Monte Carlo sampling toequation were investigated. Starting with the high friction
generate a transition path ensemble governed by the Médimit, the parameters were as follows. The time step on the
tropolis action for a particle in the double well potential: a Langevin level wasAt=0.15, the friction coefficient was
straightforward Metropolis Monte Carlo simulation, a local y=3, and the length of the path=199. On the path level
algorithm path simulation and a CBMC path simulation. All the artificial time increment was$t=0.01, the momentum
three methods have the following features in common: Thee-initialization in the Andersen thermostat was done every
number of time slices was=30 and(r,r’) was chosento 200 time steps on averagex40’ integration steps were
be Gaussian such thap(r,r’)xexp{—(—r")%(20%)}, o needed to obtain an accurate estimate of the potential energy
=0.25. averages.

In the straightforward MC simulations we set For the straightforward simulation we used high friction
Pgedr,r')=n(r,r’), and the first time slice was sampled Brownian dynamics with the above parameters, while aver-
according to a canonical distribution subject to the constrainaging the potential energies over all trajectory segments con-
ha(rg). After every 50 Monte Carlo moves a MC trajectory necting regionA to region B in L=199 time steps. The
of L steps was shot off. Only those trajectories that ended imesults for the potential energy and the fluctuations of the
the final region were taken into account in the averagingpotential energy are plotted in Fig. 4. Again, the agreement is
With this procedure, we find an acceptance rate of 1.2@&xcellent.

X 10~ # for trial paths. Next, we consider the paths evolving according to the

The local algorithm simulations were performed with full Langevin equation. The time step on the Langevin level
g(r,r')=exp{—(r—r")?(26°%}, 0=0.25, resulting in an ac- wasAt=0.25, the number of time slicds=80 and the fric-
ceptance probability of 59%. The rejection fac@¢r) was tion wasy=2.5. On the path level the artificial time incre-

B. Path sampling
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FIG. 3. Profile of the potential energ)) g (top figure and of the fluc- ~ FIG. 4. Average of the potential energy2>AB (top fzigulrg and of the fluc-
tuations of the potential energ§V=((V2)az—(V)25) 2 (bottom figure ~ tuations of the potential energgv=((V*)as—(V)ag)"" (bottom figure
along Monte Carlo transition paths of lendth=30 andg=8. The indexr along transition paths of length= 199 for Langevin dynamics in the high

numbers the time slices. The solid line refers to results of the local algorithnffiction limit. The index 7 numbers the time slices. The solid line refers to
(10 MC passek the dashed line to results with the CBMC algoritiib®’ results of a path sampling simulation whereas the dotted line was obtained

MC passel and the dotted line was obtained from a straightforward Me-from @ Brownian dynamics trajectory. For both simulatighs 8 and y
tropolis Monte Carlo simulation. The lower parts of the figures show the=3-0. The lower parts of the figures show the differences between the path

differences between the path sampling results and the results of the straigi@mpling results and the results of the Brownian dynamics simulations.
forward Monte Carlo simulations both for the local algoritiigolid line)
and the CBMC algorithnfdashed ling

for the local MC algorithm, whereas it grows witlf in the

ment wasst=0.005, the Andersen update frequency wascase of the dynamical algorithms. Of course, the correlation

once every 2000 time steps on average. Aboutl§ inte- functions(O(O)O(t)) can also be used to estimate the errors
gration steps were needed to obtain an accurate estimate '&the average¢o). . . .
the potential energy averages. We compare the results of the Another Way'to estimate the accuracy of th.e. algorithm is
path sampling simulation with averages obtained from pstudy cum_ulatlve_z ave_rages_of relevant quantities asafgnc-
Brownian dynamics trajectory of 2Gsteps using the same tion of the simulation tlme. Figure 6 shows the_ cumu_latlve
parameters as for the path sampling. Again, we average?jverages of the potent@l energy at d'ﬁerent time S Iw:e_s
over all trajectory segments connectifgandB. In Fig. 5 along the path as a function of the number of integration time

we plot the average potential energy and the fluctuations ofteps. The data shown in the picture were obtained from a

the potential energy along the path. As in the previous twoOath simulation for the.full Lar)gevin equation with=80,
comparisons, the agreement is excellent. B=8, andy=2.5. The integration time step wad¢ = 0.05.

The scaling of the simulation time needed to obtain aAs can be inferred from the figure, the accuracy of the po-

certain accuracy with the path lengthcan be studied by tential energy averages is of the order of 1%.
computing the time correlation functiofO(0)O(t)) for a
relevant quantityD. For the Monte Carlo algorithms,is the
number of cycles, whereas for the dynamical algorithins,
refers to the artificial time of the path dynamics. We studied  We estimate the rate constant for the double well poten-
the time correlation of the potential eneryy( ) and the tial (34) using the path sampling algorithms and compare it
functionhg(x,) at different time slices along the path. An to straightforward calculations. Two different methods are
analysis of typical decay times of the autocorrelation func-considered:(1) umbrella sampling and2) thermodynamic
tions showed that the simulation time is proportionalLfb  integration.

C. Rate constant calculation
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FIG. 5. Average of the potential enerdy),g (top figure and of the fluc-
tuations of the potential energ§V=((V?)ag—(V)2g)"? (bottom figure
along transition paths of length=80 for Langevin dynamics including 0.00 ! !
0 50 100 150 200

inertial terms. The index numbers the time slices. The solid line refers to
results of a path sampling simulation whereas the dotted line was obtained
from a Brownian dynamics trajectory, where 1000 transitions occurred dur-
ing the simulation. For both simulatiors=8 andy=2.5. The lower parts

T

FIG. 7. Normalized correlation functiafhg(X,)) g (top figure and its time

of the figures show the differences between the path sampling results arerivative (hg(x,))as (bottom figure along transition paths of length

the results of the Brownian dynamics simulations.

0.65 =40 —
=50

0.60 B
A
>
\"

0.55 b

=60
0.50 1
0 1 2 3 4 5

integration steps / 10

=199 for Langevin dynamics in the high friction limit. The indexumbers

the time slices. The solid line refers to results of a path sampling simulation
whereas the dotted line was obtained from a Brownian dynamics trajectory.
For both simulationg=8 andy=3.0.

Case 1:We apply the umbrella sampling method de-
scribed in Sec. IV to the high friction case. First, we focus on
the v(7) =(h(7))ag and its integrak (7) =(hg(7))ag. Both
can be measured directly in a path sampling run. For com-
parison we compute (7) and k(7) also from a Brownian
dynamics trajectory by averaging over all trajectory seg-
ments connectingh andB in L=199 time steps. The nor-
malized correlation functiok (7) for the high friction limit
is shown in Fig. 7(top figure. The agreement is very good,
which is expected considering the results discussed in the
previous subsection. In Fig. ®ottom figur¢ we plotted
v(7) for the straightforward and the dynamic path sampling
algorithm. As taking the derivative ok(7) increases the
error the agreement is slightly worse. Cleanlys) reaches a
plateau afterr=150, which is required for a good estimate

FIG. 6. Cumulative average of the potential ene(¥y s at different time

of the rate constant. The average value at the plateau is

slicest along the path as a function of the number of integration time steps.
raong e p g PSy(7)~0.076.

Transition paths of length =80 corresponding to the full Langevin equa-
tion with =8 andy=2.5 were studied.

The sudden increase ¢hg(7)) towards the end of the
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FIG. 8. Logarithm of the probability to find the endpoit of the path of
lengthL=199 at a distanc® from the center of the final regiop(R) is 0.10
normalized such thafgp(R)dR=1.
0.08 |
path requires comment. In deriving E(6) we have as- 5 0,06
sumed that once the system has reached reBiaos stays o ’
there for a long time compared to the molecular time scale ¥
tmol- This is to say thatha(xp)hg(x,)hg(x,))=0, where g 004 |
hz(x)=0 if x is in B andhg(x) =1 if x is outsideB. This is, v
however, not exactly true, because a small fraction of all
trajectories reaching® at a time slicer<L escape again 0.02
from B before r=L. These trajectories contribute to
(ha(Xo)hg(x,)) but are not seen by the path sampling 0.00
method, which by construction generates only trajectories 0 20 40 60 80
T

ending inB. This effect is larger at the end of the path and is
further amplified by the differentiation with respect t0  FiG. 9. Normalized correlation functiafing(x.)) s (top figure and its time
Since, as shown by our numerical results, the sudden inderivative (hg(x,))as (bottom figure along transition paths of length
crease 0(h8(7)> oceurs 0n|y at the end of the path after the :80' for Lgngevin dyngmips including inertial terms. The indguumpers '

. . . . the time slices. The solid line refers to results of a path sampling simulation
plateau is reached, it does not affect the estimation of ratﬁlhereas the dotted line was obtained from a Brownian dynamics trajectory.
constants. Furthermore, the relative size of this sudden ineor both simulationgg=8 andy=2.5.
crease will decrease as the overall rate constant for the pro-
cess decreases.

Part two in the calculation of the rate constant is the  Case 2:In Fig. 9, we display the correlation functions
estimation of the probability?(L) in Eq. (25), or equiva- k(7) and (1), respectively, for both straightforward and
lently the isomorphic reversible wo/(L) needed to drag path simulation of the full Langevin equation. Both methods
the path over the barrier to the final region. Defining theare again in full agreement with each other. The plateau in
parametei as the distanc® of the endpoini, of the path  1(7) is reached after 80 time steps and has a value(aj
to the center of the final region, we performed path simula=0.08.
tions for six different windows: &R<0.5, 0.5sR=<1.0, In this case we use the thermodynamic integration
1.0sR=<14, 1.4R=<17, 1. ER=<1.9, and 1.&R=<2.5. method as introduced in Sec. IV to calculate the fa&t(r)
These values were chosen such that the whole window wasf the rate constant. The derivatid®V/dR is plotted in Fig.
sampled with accurate statistics. The valueRofvas moni- 10 as a function ofR. Integration of this curve fronR
tored and histogrammed during the path simulation. In Fig. 8=0.7 to R— yields AW=7.75+0.37 corresponding to
we show the logarithm of the probabilify(R) to find the  P(L)=0.00043(0.00030 0.00062), where the values in the
endpoint at a certaifR. The histograms for the different brackets are the lower and upper bound$¢f). Multiply-
windows were matched together by multiplying with a con-ing this with »(L) gives an estimate rate constaky_.g
stant.p(R) is normalized such thatgp(R)dR=1. Integra- =3.4xX10 °(2.4xX10 °—5.0x10 °). We can compare this
tion of the normalizedp(R) over the final regiorB gives a  result with a straightforward measurement kqiL) which
factor of P(L)=0.00068. Multiplying this with »(L) givesk, .g=4.1x10°,

=0.076 gives the desired rate constipt,g=5.13< 10>, For comparison, we also measured the probahi{tiR)
We can compare this result with a straightforward measureto find the endpoint of the path at a distarRefrom the
ment ofk(L) which givesk,_g=5.12x10"°. center of the final region. Integration leads (L)
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20 - - ‘ - contrast, in the full Langevin equation the variation of the
friction can be used in principle to study the approach to the
Newtonian limit.

The local algorithm is conceptually simple and easy to
implement. As a consequence of the single particle moves,
one finds that the algorithm scaleslas The CBMC algo-
rithm is applicable to high-dimensional systems, in particular
to solvation problems, where only a subset of the system is
constrained. The performance depends strongly on an intel-
ligent choice for the guiding field. In situations with a high
energy barrier and with a poorly chosen guiding field,
CBMC fails for the same reason as straightforward sampling,
i.e., the acceptance rate becomes very low. Dynamical sam-
0 15 2.0 25 pling schemes are motivated by the need to make collective

R moves to improve on the?® scaling. For the dynamical al-

rithm, one finds th ling lal?. Unfortunately, th
FIG. 10. DerivativedW/dR of the reversible workRV with respect to the gorithm, one ds the scal g a Unfortunately, the

radiusR of the final regionB as a function oRR. Integrating ovedW/dR S'.ngwa.r pgrt In the MetmpO“S -transmonl probablllty Ieads_ to
(dotted line one obtains the reversible work necessary to shrink the finaldifficulties in deriving a dynamical algorithm for Metropolis
region from infinity to a radius oR=0.7. The magnitude of the error bars paths.

o o g o o124 M he dynamical algorithm is used to sample Langevi
and a path length ofL=80 the thermodynamic integration yields Paths for a low friction coefficient and/or at a low tempera-
(ha(xo)hg(x,))=0.00043(0.00036 0.00062) This value agrees well with ture, severe computational problems may occur. In these
(ha(xo)hg(x_))=0.00052 as obtained from a Brownian dynamics trajecto- cases the path forces become very strong and the associated
fies of 1C steps with step sizait=0.25. high frequency modes require a small integration time step,
slowing down the simulation. In addition, a high randomiza-
tion rate of the momenta is necessary to achieve ergodicity in
=0.00049 which corresponds to a rate constankgfs  spite of the near integrability of the path Hamiltonian in the
=3.9x10"°. This value is in good agreement with the rate jow friction limit. As a consequence, the path moves through
constant obtained from the Brownian dynamics trajectorypath space very slowly, leading to long correlation times and
We note that to obtain a given accuracy the thermodynamig sjow convergence of the averages. Multiple time step
integration method requires a larger number of individualjethod2® and hybrid MC algorithni¥ are possible methods
simulations than the umbrella sampling method. The latter igg, avoiding these problems when they may appear at low
therefore the more efficient of the two for the calculation of ¢riction and low temperature.
the probabilityP(L). Rate constants are calculated by measuring the reactive
flux in the transition path ensemble and combining it with
the reversible work required to stretch a path to the final
VI. CONCLUSIONS endpoint region. Exploiting the similarity to conventional

In this paper, we have introduced methods to generatd€€ €nergy methods, we performed umbrella-sampling and

and sample an ensemble of transition paths. The paths evolt@ermodynamic integration to dete_zrmine the rate constant in
according to a stochastic dynami¢detropolis Monte Carlo  ©ur model problem. We note that in more complex problems
or Brownian dynamidsand conserve the Boltzmann distri- the order at which the umbrella sampling for the different
bution. The stochasticity allows the definition of an action"®gions is carried out might have an influence on the results.
for transition paths, which can be sampled by molecular dySpecificaIIy, there might be a difference in the reversible
namics or by Monte Carlo methods. We apply these ideas t#ork depending on whether a free path is gradually confined
a simple barrier crossing problem, where we show that théo the final region or the final constraint on the path is gradu-
transition path ensemble reproduces the results of standafdly released. The size of the resulting hysteresis can be use-
simulations by determining energy profiles, energy fluctuaful in estimating the accuracy of the reversible work calcu-
tions, and rate constants for transition paths. lation.

The Metropolis transition probability allows a relatively ~ Summarizing, the transition path method finds reaction
large step size and is applicable to discrete systems, like theaths by sampling the path ensemble, rather than requiring
Ising model. However, the repeated calculation of the rejecthe a priori specification of a reaction coordinate, and it
tion factorQ(r) makes the Metropolis transition probability handles situations with several transition states. In addition,
computationally expensive for systems which do not allowone can estimate the rate constant of the dynamical process.
an efficient estimation of(r). Both the Metropolis and the It is, however, computationally expensive and should not be
high friction Langevin dynamics assume that the momentapplied if alternative methods are available.
equilibrate at each time slice, and that the configurational In future papers, we will report on the application of this
part of phase space effectively dictates the time evolution. Impproach to high-dimensional systems.

dW/dR
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(ro.ro)+8(ro—ry)Q(rq)
lg|(ro)+Q(ry)

Pyl rs]="2 ha(r),  (B1)

which leads to the acceptance probability
APPENDIX A: INTEGRATING THE LANGEVIN
EQUATION Pacdro—1o]=min[1A/B];

In a practical simulation, the Langevin equations of mo-
tion are integrated numerically by assuming that the system- e PEID (rg—ry), if oy
atic part of the force is constant or varies linearly during a A=
short time step. For systematic forces varying linearly, one
obtains a Verlet-like algorithri’

e PECOg(rg,ry),  if ro=ra.
e PRI w(ro—ry), if ro#ry;
B:(e"E“wguo,rg), if ro=ry. (B2)
r(t+At):r(t)+C1AtU(t)+C2At2a(t)+5rR'

Al
(A1) The same construction for the last time slice gives
U(t+At):Cov(t)+ (Cl_CZ)Ata(t)+02Ata(t+At) b r{r’]_ g(rL 'r|’_)+ 5(r|’__ rL*l)Q(rLfl) h (r ,)
+ 6vR, gerttt lgl(r)+Q(r-1) AVLD
(B3)
where drr and dvr are the random displacements in con-with the acceptance probability
figuration and velocity space distributed according3p At
is the integration time step and the acceleratiaft) PacdrL—r ]=min[1A/B];
=F[r(t)]/m. We note that in the limit of vanishing friction
this scheme reduces to the velocity Verlet algorithm. The o(rp_1—r]), if ri#r _q;
coefficients appearing in the integration formula are = g(ry.r)), it r/=r__;.
_ (,()(rL,l—H'L), |f rL§ér|_,1;
co=e ", =[ ' : B4
0 g(errL)v If r'L:rL—:I.' ( )
ci=(1—e "/ yAt=(1-co)/ yAt, 2. Configurational bias Monte Carlo

(A2) For paths with a final endpoint constraint we follow an

idea by Garel and Orlar#:>®> We augment the product of
transition probability by a factor which biases the evolution
of the path towards regioB:

In the high friction the assumption of constant forées L-1 L-1
during the time stept leads to the finite difference equation H P(F =Ty q)= H [p(r,—r.. )B(r,,Fi1)]
T:O T T 7:0 T T TV T 1

Co=[1—(1—e " Y/ yAt]/yAt=(1—cy)/ yAt.

r(t+At)=r(t)+£F(r)+5rR, (A3) (BS)
my whereB(r,,r,, ;) =e?{7~¢1(++1) depends on the guid-
where the random displacemefity is distributed according ing field ¢, which can be any function satisfying,=0
to (12). and ¢, =0. The generating probability becomes

. (i) ; .
mln[lveiﬂ(E(rT >7E(r7_l))]B[r7711r(l)]+ 5(r‘r*l_r(rl))QeStrrfl)B[rfflvrffl]

T

ﬁger{r(q-i):l =

wir,] ’ (B9
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where vergence ofQ(r) with increasingk, or by comparing di-

K rected paths with standard MC rufsee Sec. Y.

_ 1S inf1e ECD)-Er, ) ()
Wir =1 121 min[ 1. IBIr--1.777] APPENDIX C: DYNAMICAL ALGORITHMS

+Q{(r,_)B[r,_ 1.l ,_1]- (B7) In this. appendix we calcu_late the path for@yxs nec-
o _ o . essary to integrate the equations of moti@ah). Since for the
For finite k the estimated rejection fact@°(r) is singular transition probability4a) the derivatives of the ac-
K tion cannot be evaluated, in the following paragraphs we
Q{(r)=1— 1 S min[lyefﬁ’(E(r(”)fE(r))]; (B8) restrict oursel\{es to the Langevin trans?tion probabiliy.
k=1 We also explain how to treat the endpoints of the path con-

- fi to th ing b d i .

the trial moves () are taken from the probability distribution me%if(f)er eerz]tc%rrrce es Sp (;rr]i(;len?r Or?qu; :%;:gﬁpf erms in the ac-
7(r,r"). The Rosenbluth weight/, for this algorithm can  tjon (23). The canonical distribution of the first time slice is
be obtained by considering the rate “/P,, where P, the origin of the following path force acting on the first copy
=I1-25Pge{r?) is the total generating probability for a path of the system:

a, ande > is its path action: .
FOZ - B(?V(ro)/aro,

L-1  ~r a (C1)
— wlr
Wa:e_sa/Pa:e_,BE(ro)H % ng—ﬁmvo,
=0 il r . .
ot where the superscriptsandv denote the spatial and veloc-
. L1 . ity components of the generalized force, respectively. Next,
=e AR 1:[0 wlr?] (B9  we calculate the path forces arising from the links

log p(x,—X,+1) for the Langevin probabilitie§9). By differ-
(using the boundary constraints fer, and ¢, in the last entiation we obtain
line). The acceptance probability becomés, . [a—b] Jlog p 1 [ 1

=min[1,W,/W,]. Obviously, all paths begin in regioA e (1=cZ)
and are only accepted if they reach reg®n 4 v
The choice for the guiding field strongly affects the ef-

ficiency of the simulation. We have tested two ideas: a guid- +—3(c1=Cy) ™4 > ovfDAe
ing field which “pulls” the directed path towards the final v

region, and a guiding field which rescales the Boltzmann Cry
factor to facilitate successful transitions. In the first case, a -
simple choice is

Sva+ c2 2 SvBDAe

rOy

At
exq_¢7(r7)} +(C1_C2) H zﬁ: 5rnga ]1 (CZ)
1, if =0 or 7=L; d
5 (B1o an
exp{ (r,—r*)226%(L—7)} otherwise. N N
dlogp 1 C,Atérg  Codug
In this caser* is a point in the final region. For the second w (1-¢c2) 2 + 2
case, we define a constapt* such that G<p*<p and T v ' v
sample paths for an effective inverse temperaires* : o
- (CLAtSUR+CodrR) (» (C3
1, if 7=0 or 7=L; Tr
_ = . B11
X~ (1)} exp{+B*V(r,)} otherwise. BIY  where

2
This choice does not make any assumptions on the actual pga_ _ ad (Ca)
form of the reaction coordinate. It is also possible to combine 7 arorP ;
the two approaches by using a linear combination of the
aboved.’s is the matrix of the second derivatives of the interaction po-

In contrast to standardpolyme) configurational bias tential of the system. The derivatives of Ip(x,—X. 1) with

sampling, we do not apply the condition of “super-detailed¢SPect 1., are

balance” for directed paths. Super-detailed balance states  |oqg p 1 [ ore czAt

that for any set of trial moves around the old and new con- > - E ov RDT+1

formation, detailed balance has to be satisffeth the case M1 (1_%)

of transition path sampling, one constructs the rejection fac- Cro At

tor Q®{(r) on the fly. Therefore, a large enough upper sum- - —U( SvR—Cy o 23: 5rﬁDf‘jl) ] (CH
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Q(r). This point may be verified either by studying the con-and
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