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Efficient transition path sampling: Application to Lennard-Jones cluster
rearrangements
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We develop an efficient Monte-Carlo algorithm to sample an ensemble of stochastic transition paths
between stable states. In our description, paths are represented by chains of states linked by
Markovian transition probabilities. Rate constants and mechanisms characterizing the transition may
be determined from the path ensemble. We have previously devised several algorithms for sampling
the path ensemble. For these algorithms, the numerical effort scales with the square of the path
length. In the new simulation scheme, the required computation scales linearly with the length of the
transition path. This improved efficiency allows the calculation of rate constants in complex
molecular systems. As an example, we study rearrangement processes in a cluster consisting of
seven Lennard-Jones particles in two dimensions. Using a quenching technique we are able to
identify the relevant transition mechanisms and to locate the related transition states. We
furthermore calculate transition rate constants for various isomerization processes9980
American Institute of Physic§S0021-96068)51322-(

I. INTRODUCTION For sufficiently simple systems or short enough transi-

tion paths, application of the sampling algorithms developed

Studying transitions between stable states separated t?Pf Ref. 5 is possiblé.For many particle systems of modest to

unknown dynamical bottlenecks presents well known COML . 1 complexity. however. their practicality remains an is-
putational difficulties. Such transitions are rare events. Con- 9 plexity, ' b Y

ventional methods for studying rare events in many body>Ue: This paper addresses this issue. We derive a class of
systems are based on transition state theory. First, one es@lgorithms, called “shooting,” that scale linearly with path
mates the probability of visiting the dynamical bottleneck— length. As such, the generation Nfstatistically independent

the transition state). Then the transmission coefficient and transition paths, each one beihgtime steps long, requires
rate constant can be determined from a series of short trajethe same order of computational effort as a straightforward
tories initiated from the ensemble of states prepared at thatajectoryNL time steps long. But while straightforward tra-
bottleneck:™ The difficulty with this method is that it re- jectories encounter few if any rare events, transition path
quires prior knowledge of the transition states. Withoutsampling focuses entirely on the rare events of interest. In
knowledge of the transition states, i.e., withoutamriori s naner, we demonstrate the use of the shooting algorithms

conception of the mechamsm or pathway for the process, thl\%ﬂth stochastic dynamics. The algorithms are equally appli-
approach cannot be applied.

. ?able, however, to conservative deterministic equations of
We have recently developed a general computationa

method capable of circumventing this problem by samplingmouon'8 Thus, the procedure described in this paper pro-
transition pathway®.0ur general approach builds on Pratt's Vides the general solution to the problem of computing the
suggestiofi for studying the statistics of pathways betweenrates and correlation functions for rare events in any system
two distinct stable states. It requires the specification of dyfor which straightforward numerical simulation is possible.
namical variables called “order parameters” that character- In Sec. Il, we define the “transition path ensemble” and
ize the stable states but not prior knowledge of transitiorthe probability distribution for that ensemble when the dy-
states. Transition paths are represented by chains of stategmics flows according to a Langevin equation of motion.
coupled by Markovian transition probabilities and forced toghooting algorithms are presented in Sec. Ill. Methods for
connect the stable states by suitable constraints. The Stat'St'Eémputing rate constants and related correlation functions

of such paths is then isomorphic to that of con_stralneqrom path sampling are discussed in Sec. IV. In Sec. V, the
polymers—each degree of freedom maps onto a chain, where .
ethods are demonstrated by studying rearrangement pro-

successive polymer units represent the degree of freedom a in a two dimensional cluster of seven Lennard-Jon
successive time slices. cesses in a two ensional cluster of seven Lennard-Jones

Transition probabilities determine the links in thesediSks: There, a technique we call “path quenching” is used
chains. The probabilistic nature of the transition paths fol-L0 help identify different reaction mechanisms. We calculate
lows from the specifications of initial and final conditions, reaction rates for several selected mechanisms. We conclude
and also the type of dynamics. The transition probabilitiesn Sec. VI with a brief summary of what we have accom-
have to be consistent with the underlying physical process.plished.
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Il. THEORETICAL BACKGROUND random force, 72, is responsible for the stochastic character
A. Transition path action of the time evolution. It is a Gaussian random variable with

] ) ] (22(t).22(0))=2mykgT &(t). For a short time increment,
We describe a stochastic process by a chain of stateg; the assumption of a force which depends linearlyron
{Xf={Xo—x3— ... —x_}, wherex_ is the point in phase |oa5ds to the integration algorittfm
space representing the system at titser At. The integer

subscript 7 numbers the states, or time slices, along the [,+1=r,+CiAt v +C)At? a +org,
chain, andAt is the time interval between the slices. If con-
secutive states are linked by a Markovian transition probabil-
ity p(x,—X,41), the probability of realizing a particular path where a;):F(rT)/m and the coefficients,, ¢, andc, are
is given b

L-1
p(Xo) 1;[0 P(X,—X;11), 1) co=e "t ;=

(6)

U,+1=Cou,t+(C1—Cy)At a,+CrAt a,, 1+ dvg,

1-cgp 1-c,
X C2: .
yAt yAt

Y

where p(Xg) is the distribution of the initial conditiong,.

For a canonical distribution of initial pointsp(Xg)

= exp{— BH(Xy)}, whereB=1/kgT is the reciprocal tempera-

ture andH(x,) is the Hamiltonian of the system at time
To sample the ensemble of transition paths it is conve-  w(éxg)=[270,0,y1—c?, ] P

nient to define a path actioB,g[{x}] including endpoint 5

constraintsh(Xg) andhg(x,) in the path probability 1

X Hl exp{

exp— Sagl {4 ) C2(1-c2)

org and dvy are small random displacements caused by the
random force. As derived by ChandraseRfiahe random
displacements are distributed according to

EXE)
oy g,
], )

The path is_ forcgd to start in regioh (_the reactant region  where Sxg={drg,Svr} anda denotes the different compo-
and to end in regiol (the product regionby the character- nents of theD-dimensional displacement vectoss, and
istic functions dvg. The variancesr, ando, and the correlation coefficient

1, if xeA,B, c,, are given by

0, if x«A,B. © kgT

_ _ » _ o?=At——[2—(3—4e "4+ e 27/ yAtL],

As we will show later, in some cases it is appropriate to relax mry

the requirement that the last time slice of the path must be in

the product regiomB. Instead one requires the system to visit 2 kgT 2yt

region B at some time slice betweer=0 and r=L but Uv_?(l_e ), ©
allows the system to leav® again. In this case, the action

Sag Of the path is given by

L-1

=ha(xp)e 10| T p(x,—x,:1)
7=0

hg(XL). 3] _ZCFU(%> (%)

oy o,

hA,B(X)z[

kgT
_ C,U(TrO'v=—B (1—e‘7“)2.
exp(— Sagl{X}]) my
L-1

_ Applying Eq.(6) iteratively with random numbers drawn
1;[0 p(XT—>XT+l)

hg[{x}], (4) from the bivariate distributior{8) leads to a stochastic tra-

jectory of arbitrary length. This procedure is usually called
whereFB[{x}]zl if at least one time slice lies iB and Brownian dynamics. Each trajectory generated with this al-
-~ _ . gorithm has an associated probability that depends on the
hg[{x}]=0 otherwise. . i X

sequence of random displacements used to obtain the trajec-

tory. The single step transition probabilit(x,—X,, 1) is
related to the random displacemeiy by

=ha(xg)e™ A0

B. Stochastic dynamics

In this paper, we consider classical many-body systems _ JdOXR
evolving according to the Langevin equation of motion P(X;—X741)dX7 4 1= W(SXR) IXri1 e (10
r=uv, (5) wheredxg can be calculated from E¢6) as a function ok,
F(r) 7 andx,,,. The second factor on the right hand side of Eq.

(10) is a Jacobian originating from the variable transforma-
tion from 6xg to x,., ;. For the integration algorithrt6) the
The positions and velocities of all particles are specified by Jacobian equals unity. By substitutihgshort-time transition
and v, respectively.F is the intermolecular force derived probabilitiesp(x,— X, 1) into Eq.(2) one obtains the prob-
from the potentialV(r), and vy is a friction constant. The ability of a transition path of lengtty=LAt.
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Of course, in order to be compatible with the path action
(2) the transition probability10) has to preserve the canoni-
cal distribution. To demonstrate this preservation we first
compare the probabilitp(x—Yy) to go fromx toy in a time
incrementAt with the probability to go back frony to x
after reversing the momenta. An expansion in powera of
gives to first order imt

shooting

M:e—mmw—mxn_ (11)
p(y—x)

Here,x andy denote the phase space points obtained fxom
and y, respectively, by reversing the momentf;,v}
—{r,—v}. We note that for constant forces this result is
exact. From this result, it follows that(x—y) conserves the

canonical distribution. That is, FIG. 1. Schematic representation of the shooting and the reptation sampling
algorithm. In the shooting algorithm new paths are generated by selecting a

reptation

— BH(x) — a—BH(Y) - time slice along a given path at random and shooting off a path in forward
f dx e p(XHy) € f dx p(yHX) (dashed lingor backwarddotted ling direction. Reptation moves consist of
deleting time slices from one side of the path and appending new time slices
:e*ﬁHW), (12) on the other side. Suitable acceptance criteria guarantee that paths are

sampled according to their weight.
where the second equality follows from the facts that the

transition probability is normalized and that the Jacobian of

the coordinate transformation fromto x is unity.
y quickly diverge from the old path. The generating probability

for the new trajectory starting at time slieeis
I1l. SIMULATION METHODS

In this section, we introduce a new Monte-Carlo method iy
A - : PO "=T] p(xP—xM, ,) (15)
to sample the distribution of paths efficiently. It consists of gen — LI i i+1/
generating a new trial path from the current path and accept-
0o—n

ing it with a probabilityP,.." that satisfies the detailed bal-

ance condition Because this product also appears exactly in the path prob-

. ) ability e~ SaslX}] and the time slices< r remain unchanged,
e SasliA PO npY N= e~ Sasl XU P opn o, (13 most of the factors in the acceptance probabiling) cancel

where P3;." is the probability of generating the new path and we obtain
from the old one, andPy.." is the probability of accepting
the new path. SimilarlyPg.,> and P, .’ are the generation Poc"=hg(x]). (16)
and acceptance probabilities for the reverse move, respec-
tively. Thg corresponding I_\/Ietropoli_s acceptance criterionAny path beginning from an intermediate time slice is ac-
for accepting the new path is then given by cepted provided the path eventually reaches region
This “shooting” procedure samples the time slices close

. (14)  to the initial regionA very slowly, since paths initialized in

A very rarely end inB. To remedy this problem, one also

If the new path is rejected, the old one serves as the curreRerforms shooting backward in time. Again one randomly
path. In the following sections, we describe two procedure§hooses a time slice, but now one reverses the momenta at
for generating new paths and derive the appropriate accefat time slice and performs a regular Brownian dynamics
tance probabilities for the path acti¢®). Analogous formu-  Simulation backwards in time until one reaches the first time

las for the action(4) can be obtained by replacing the con- Slice 7=0. Then the momenta are reversed at each time slice
straint functionhg(x,) by FB[{X}] in the new path segment, so that the entire path evolves

forward in time. Accordingly, the generating probability for

po e_SAB[{Xn}] PS;O
acc

=min| 1

,e_ Sagl{x}] Pg;n

A. Shooting algorithm a backward trajectory starting at time slieds
Consider a path in phase space as depicted schematically
in Fig. 1. One can create part of a new path by choosing a —i _
time slicer at random and computing a Brownian dynamics ~ Pgen = HO P(X{% 1= X)), (17
=

trajectory starting from the phase space coordinatesntil
one reaches timg"=LAt. The new path consists of the time o
slices O tor of the old path and the newly generated timewhere x={r,—v} denotes the phase space point obtained
slicest+1 toL. Due to the random displacements occurringfrom x={r,v} by reversing the momenta. When inserted
in the Brownian dynamics algorithm, the new path will into Eqg.(14) one obtains
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n = n i =
o ' e—ﬁE(xo)hA(Xg)hB(XE) Xi—m for i=m, ... L. Then one 0calculates a b_a_ckward
Pace =min| 1,— £ 5 - trajectory of m steps starting fronx,,. The probability to
e PEoh, (xg)hg(X?) generate the pat{x°} from {x"} is given by
Mg PO = X0 D25 PO 1 —X) o TT = s
L-1_,,0 .0 —1_ N = |- 18 Pgen = H P(Xit1—Xi)- (21
g PO =X DITZg POXiTy 1= X)) i=0

Unlike the factors in the acceptance probability for theProvided the forward and the backward moves are attempted
forward trajectory, the products in this equation do not canWith the same probability, it follows from Eq14) that the
cel in general. However, for the Langevin equation in theNeW path{x"} is accepted with the probability
limit of small time incrementAt, Eq. (11) is valid. Substi- e BB (X0 hy(X")
tuting Eq.(11) into Eg.(14), and using the fact that the time PO~ "—min| 1, _ A0/ TBAL
e PHOOhA(xg)hg(xP)

slicesi = 7 do not change, the resulting acceptance probabil-
ity becomes simply

g (=X DI (X2, 1= X7)

o—n__ n

Pace = Nul0) 19 PO, DT POy |
This result implies that any new path which reaches region (22)
at time 7=0 is accepted.

In summary, the “shooting algorithm” chooses a ran-
dom time slicer anq “;hoots off” a trajectqry either for'— . PSM= h(xD)hg(X]). (23)
ward or backward in time. The new path is accepted if it
ends in either the final or initial stable state, respectivelyFor the backwards move, which deletastime slices from
This method achieves linear scaling with path length and ighe end of the path and appending new ones at the beginning
therefore much more efficient than the dynamical, local an®f the path, the situation is completely symmetrical. The
configurational bias methods described in Ref. 5. In using th@robability to accept a new path is therefore identical to Eq.
algorithm, one imagines that there are only two accessibl€23).
stable states separated by a barrier region. If there are addi- Reptation obviously does not affect any time slice in
tional nearby stable states, trajectories intended to span bhich the system is on the barrier betwe&rand B, so it
tween regionsA andB might instead become trapped in the cannot be used to sample completely new transition paths. It
additional metastable states. We will return to this issuecan be used to supplement the shooting algorithm. Whereas
when discussing the application of the path sampling metho@hooting moves the path in a transversal direction, reptation
to cluster rearrangements. shifts the path back and forth in time.

Using Eq.(11) the acceptance probability reduces to

B. Improving averages by reptation

In order to enhance the equilibration of paths one ca
perform ‘“reptation” moves, in which time slices are re-
moved from the beginning of the path and new slices are From a transition path simulation one obtains a large set
appended to the end of the path, or vice vef3ae term  of paths connecting the initial and the final regions. Analysis
“reptation” was originally introduced by de Genrlégo de-  is required to extract qualitative and quantitative path fea-
scribe the movement of a polymer in a dense melt. We ustures from this set. For example, one might be interested in
the same term here because of the analogy between polyméhe following questions: How many typical reaction channels
and transition pathgs. exist? Which transition states and metastable states are vis-

A move that deletem time slices from the beginning of ited by the system on its way from the reactants to the prod-
the path and appends new time slices to the end of the path ucts? What are the prominent characteristics of the reaction
is performed by first shifting the lakt—m time slices of the mechanism? Is it possible to describe the reaction by a small
old path such thak=x?,,, for i=0,... L—m. Thenm set of reaction coordinates? One way to answer such ques-
new time slices are appended to the path by performing tions is to perform “path quenching.” In this method, we
Brownian dynamics steps beginning>t_,,. Accordingly, ~ determine the most probable paths by computing the local
the generating probability for the new path is given by minima of the action.

From the transition probability10) it follows that at a

L-1 . _ 1 . .
- given temperatur@ = (kgB) ", the action(2) can be written
Pgenn:i=1|1m p(Xin_>Xin+1)' (20) as

't. Path quenching

wherem is chosen randomly between 0 andTo obtain the Sael {xt]=BUpL{X}]+C, 24
acceptance probability for the new path one has to considevhereC is a constant depending on the time increm&nt
the generation probability for the reverse move, which conand the frictiony. The “path energy”Up[{x}], which has
sists of deletingm time slices at the end of the path and the dimension of energy, is a function of all path coordinates,
appending new time slices on the other side. To perfornbut is independent of the temperatukgT. Up[{x}] also
such a move, one must first shift the path such tkat contains the endpoint constraints that act as hard walls con-
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fining the initial statex, and the final stat®, to the regions 1. if ori <c
. . . . ' min ’
A and B, respectively. Accordingly, the weight of a given hag(x)= 0 it &2 (27
path can be expressed as o Fmin=C-
-BU

Pl{x}]=e"” plbdl, (25 The constant must be chosen such that regichandB are
which has the same form as a Boltzmann factor of a classicarge enough to accommodate the equilibrium fluctuations of
many body system. the system around the respective potential energy minima.

Now, imagine the system is following a transition path at This approach is limited to stable states that can be char-
low temperature. According to E¢R5) paths corresponding acterized by proximity to a single conformation.
to a minimum ofUp[{x}] are strongly favored. Thus, in a
low temperature system, the paths simply fluctuate about a
least action path. Typically, paths close to a least action path
share the same basic properties. A least action path can
therefore be regarded as a representative for an ensemble l§f CALCULATING RATE CONSTANTS
similar paths. ]

In a complex system there might be several distinct low N OUr previous workwe have shown how the path sam-
action paths connecting regioAsandB. These paths corre- pling method can be uged for the calculatlion of rate con-
spond to the local minima of the acti@g[{x}] or, equiva- stants. Here, we first quickly restate the pertinent result frqm
lently, of the path energyp[{x}]. The local minima can be that paper, and then we show how the method can be im-
found by a conjugate gradient method starting from differen®roved by using actiof4) instead of actior(2).
paths. This procedure partitions the whole path space into The fluctuathq-d|53|pat|on theorem relates the_rate con-
different basins of attractions around the local minima of theStant for a transition between stable states to microscopic
action-surface. As a result, one reduces the original large s&€Prrelation functiongsee, for example, Ref. 13
of transition paths to a small set of least action paths, which
can be easily examined and viewed. This procedure, similar (ha(X(0))hg(x(1)))
in spirit to Stillinger and Weber’$ quenching analysis, is = h 0
most useful if the fluctuations around the minimum action (ha(x(0)))
paths are small. At low temperature, this condition is met, o )
and the classification of paths by quenching is a practicalVN€re na and hg are the characteristic functions for the

~ kA~> Bexq - t/trxn) ' (28)

way to explore the path ensemble. staple _states as defined in HG), trlei (_Jlot denotes_ the _time
. derivative, andt,,,=(ka_g+kg_a) * is the reaction time
D. Order parameters for the stable regions with ka . andkg_., as the forward and backward reaction

In general, the initial and final stable regiohsindB are  fate constants, respectively. The brackets) indicate en-
characterized by the functioms (x) andhg(x). Their speci- semble averages. The correlation function in &) is the
fication coincides with a choice of an order parameter thafime derivative of the probability for observing the system in
distinguishes between the two stable regions. For ease #¢9ion B at timet provided it was in regiomA at time 7
directing paths from one stable state to another, it is most 0. For barriers large compared kgT, k(t) reaches a pla-
convenient if the order parameter is low dimensional. Irre-t€au after a molecular relaxation timg, which is assumed
spective of convenience, it is required that the order parami© be much shorter than the reaction tinige<t,. Be-
eter truly distinguishes. If a particular value of the ordercause of this separation of time scales, exfi,)~1 in
parameter is possible in both stat&sand B, a simulation this time regime, and the plateau valuekef) is equal to the
will eventually produce paths that remain nearly always inPhenomenological rate constay g .
only one of the stable regions. In other words, non- 10 calculatek(t) in the path sampling method, we con-
discriminatingha(x) and hg(x) will fail to produce transi-  Sider discrete times and rewrite EQ8) as
tion paths.

In cases where the final and initial states are specific (hahg(x,))  (hahg(x,)) (hahg(x.))
conformations of a many-particle system, a simple way to T)= h = hh X h
identify the stable states is through the mean square displace- (ha) {haha(x,)) {ha)
ment ér? from that specific conformation, =p(7)XP. (29
N
5r2=2 (Uri_rio)z_ (26) Here, and in the following, we drop the argumenthqf x,)
=1

to simplify the notation. It is, however, understood thatis
Here, N is the number of particles or atoms andis the always a function ok, the first time slice of the transition
position of particlei in the stable state conformation. It is path.
assumed that both andr® have their center of mass in the In Eq. (29) we have factorized(r) into a frequency
origin. U is a rotation matrix chosen to minimize the meanfactor v(7)=(hahg(x,)}/{hshg(x.)) and a probability fac-
square displacement. This minimum valdig’,, is used to  tor P=(hshg(x))/(h,). To calculate the frequency factor
determine whether a configuration is in the stable state. The() in the transition path ensemble, we recast the definition
functionsh,(x,) andhg(x,) can then be written as of v(7) as
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oy hahsORalidD) | (hafialx}]) a S5 ve-na
(hahg[{x}]) (hahg(x0))
- ©
- M (30) ¢ OOWE) V= —11.47
(he(XL))aB 0]06;
where we have used the fact thlag[{x}] is zero only if ©
hg(x,) vanishes for allz from O to L. The numerator ! @(@G)@@@ V = -11.50¢
(hg(x,))as is the path average ¢fs(x,) with respect to the
action (4). With this same notation, the denominator in the OO
last equality of Eq(30) is the average probability for the last Co OLW V =-12.53¢
time slice to lie in regiorB provided that the path visi® at OO0

least once In the time mterv@O,L]_. If the transition fro_mA FIG. 2. The stable configurations of the cluster and their respective energies.
to B is a rare event and regioB is suitably defined, The numbers in the disks are used to detail the position of a particle in the

(hg(x,))ag=~1. The second factor in E429), the probabil-  cluster.

V. RESULTS ON THE CLUSTER REARRANGEMENTS

: (32

ity factor P=(hphg(x_))/(h,), is the probability of the last
time slice to be in regiorB provided the path started in
regionA at 7=0.

To determinek(7), one must determine bot(7) and  A. The system
P. The first of these ratios may be obtained from a single e jllustrate the transition path sampling method on a
path sampling simulation. Sinog7) is the only term in EQ.  ¢jyster of seven particles in two dimensions. The particles
(29) depending on the time index it is expected to reach @ h3ye massn and interact via the Lennard-Jones potential
plateau value after the molecular timyg,.%*® This plateau 1 .
value, vy, is to be used in the calculation of the rate constant o o
ka_g. In fact, we can use the occurrence of a plateau as a V:;j de el
criterion to determine whether the transition path is suffi- ! .
ciently long, i.e, whether the number of time slices is suffi-whererjj=|r;—r;| is the distance between particieand
cient to capture the most likely transition paths. particle j. We use reduced Lennard-Jones units throughout,

To calculate the probability factoP, one may employ 1-€., distances are measured in unitsroenergies in units of
umbrella sampling**®as we discussed in Ref. 5. The phase€, and time in units ofry=(mo?/ €)% Accordingly, reac-
space is divided into several slightly overlapping regions, ottion rate constantk and the friction coefficieny are given
“windows,” B; defined byA\""<A<\"* where\ is a inunits of 7, 1. The time evolution of the cluster is governed
suitable stable state order parameter. Then, a series of pa# the Langevin equation. At low temperatures, the cluster
simulations is performed for the same initial regiénbut ~ fluctuates around its potential energy minimum. From time
with varying final regiond3; . For every simulation one con- to time, the partiCIe originaIIy in the middle of the cluster
structs a histogram of the order paramexteat the endpoint escapes to its surface. To elucidate this mechanism, one
of the path. Matching the histograms of each window resultgnight try to perform a conventional straightforward Brown-
in a “master histogram”f(\) representing the entire prob- ian dynamics simulation employing, for example, the inte-
ability distribution of finding the order parametar. The  gration algorithm(6). However, within time scales accessible

probability factorP is then found by integration to computer simulations very few transitions occur at low
temperatures. Thus, for cold clusters, straightforward simu-

(hahg(x))  Saf(M)d) lation is not suitable for the study of rearrangement pro-
= = , (31 cesses. The system therefore provides an excellent illustra-

(ha) JH)dA tive case for the application of transition path sampling. In

the next section we first explore the qualitative properties of
structural transitions by path quenching. Then we compute
transition rate constants for some selected processes.

where [z denotes an integration over all valuesxobelong-
ing to the final regiorB.

In summary, one divides the calculationkdt) into two
parts by using the factorizatiof29). The first factor,v(7),
contains the time dependencekgfr) and can be calculated
from a single transition path simulation. Furthermore, by = To gain some insight into the cluster rearrangements, we
looking for a plateau inv(7) one can check if the path is determined least action paths for the migration of a particle
long enough for the calculation of a rate constant. The sedrom the center of the cluster to its surface. For this purpose,
ond step in the determination of the rate constant consists afe performed a path simulation of length=400 atkgT
calculating(hahg(x.))/(ha). This calculation can be done =0.1e, using both shooting and reptation. The time incre-
by using free energy estimation methods, like umbrella samment wasAt=0.05r; and the friction y=4.0/ry,. At time
pling. Since it usually involves several independent pattslice 7=0, the central particle is required to be closer than
simulations, part two of the procedure is the computationallyR=0.15r to the center of mass of the cluster, whereas at
more expensive one. time slicer=L a different particle is constrained to occupy

B. Path quenching
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130 FIG. 4. The three predominant pathways for the migration of a particle from
-10.0 the center of the cluster to its surface. The superscripts denote the position

| © C@O | of the taggedshaded particle according to the particle positions defined in
o0 % Fig. 2.
50 o
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> i

@) @) been eliminated by the quenching process. The configura-
-120 % é&? 7 tions of the cluster at the local minima of the potential en-
ergy profile are shown below the curves. These configura-
tions correspond to the stable states shown in Fig. 2.
-13.0 : : : : : : : Evidently, the system typically visits different metastable
100 200 300 400 . o X
states on its way from the initial to the final state. The tran-
sition state configurations shown above the curves in Fig. 3

FIG. 3. Profiles of the potential energy for three different paths obtained byqre obtained by determining the local maxima of the poten-
path quenching akgT=0.1le and y=4.0/r,. The initial paths for the tial energy profile

quenching procedure were obtained from a transition path simulation where i .
the particle initially in the middle of the cluster is required to be on its To characterize the stable states further we specify the

surface at the end of the process. The configurations depicted below thosition of the particle initially in the center of the cluster.
curves are the stable states visited d_u_ring the transition and the C_O”ﬁQUfﬁenceforth, this particle is called the tagged particle and
gg?tiscébﬁ]\i't?a}geincﬁr:‘éecseﬁigrtgft;r:ncsh'}'sct’gr.ﬁates' The shaded particle is t@?{])own as sha_de(ii in the figures. Thus, the transition starts in
C, and ends inC;, where the superscript denotes the posi-
tion of the tagged particle as defined in Fig. 2. From the
this position. These boundary conditions force the path tdransitions observed in the quenched paths three main
start from and to end in a configuration close to the globamechanisms for the reaction fro8f to Cj can be identified
minimum of the potential energy, which we denote ®y. (see Fig. 4 We note that the limited duration of the path
Accordingly, the other local minima of the potential energy does not allow for more transitions between different states
are referred to a€4, C,, C3, where the subscript labels the C; before the system finally reach@%. For paths without
minima according to their energy. The four stalffeeta- time limit, however, one expects several transitions separated
stablg cluster configurations are depicted in Fig. 2. Later, weby long sojourns in the metastable states.
will need to specify also the position of particles in the stable ~ Another way to filter out the main characteristics of a
configurations. For this purpose we use an additional indexoisy pathway is to determine the potential energy minimum
as shown in the figure. at each time slice along the path. In other words, one
During the path simulation, paths were periodically quenches the cluster configuration at each time slice using a
saved and were used later as initial paths for the quenchingonjugate gradient or a steepest descent method obtaining a
procedure. To search for the minimum of the actionlocal minimum of the potential energy. From this procedure
Sael{x}] we employed a conjugate gradient metlbd. the same pathways for the proc@%—@é emerge. While
Within this method not only the actioB,g[{X}] but also its computationally less expensive than path quenching, this ap-
gradientVS,g[{x}] needs to be evaluated. Typical energyproach does not yield any rigorous information about the
profiles of low action paths obtained from this procedure ardransition states visited during the reaction. Miller and
shown in Fig. 3. These energy profiles are smooth becaus&/ales’ have used quenched cluster configurations along
the random fluctuations around the most probable path haweith the conventional molecular dynamics to make estimates

£
B
|
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FIG. 6. Logarithm of the probability(\) for the endpoint of the path to
have a certain value of=ér? for the transitionC3— C?. The reciprocal
temperature wag= 20/e, the friction coefficient wag = 1/7,, and the time
increment was\t=0.02r,.

T

FIG. 5. Frequency factop(7) as a function ofr for the transitioncg
—»C‘l‘. The reciprocal temperature wgs=20/e, the friction coefficient was
y=1l7y, and the time increment wast =0.02r,.

of isomerization rate constants for a 7-atom Lennard-Jong€lated. This fact allows us to determine the transition rate
cluster in three dimensions over a limited energy range. Hor the whole process from the reaction rate constants of

contrast, path sampling and path quenching could provid§ndl€ transitions. 0
reliable results over a wide energy range. Of all the possible reactiors;— C;, we chose the three

most common, depicted in Fig. 4. We simulated all interme-
diate transitions separately, and for each, we sampled paths
consisting of 200 time steps and calculated the frequency
factor, v(7), and the probability factorP. The reciprocal

In a typical transition frorrcg to Cé, the cluster visits a temperature wag3=20/e, the friction coefficient wasy
varying number of metastable states before it finally reaches- 1/7,, and the time increment wast=0.02r,. The maxi-
the stable stat@é. At low temperatures the residence time of mum mean square displacement from the potential energy
the system in these metastable states is much larger than thénima was c=0.10>. The umbrella sampling windows
molecular time scalé,,,. Nevertheless, there is a well de- used in the determination & were chosen such that in the
fined reaction rate constant for the proc&s-C}, because histograms, the low side frequency was minimal 10% of the
the typical lifetime of the stable configuratidd, is much  high side. This resulted in typically 10 to 12 windows. A
larger than the lifetimes of the intermediate staf®s C,, simulation consisted of 1%610° shooting and X 10° repta-
and C5;. However, in this case the path length needed tdion attempts. The acceptance ratio ranged from a few per-
reach the plateau region kft) exceeds the path length trac- cent to above 90% depending on the final region.
table in transition path simulations. The solution of this prob- ~ As an example, the frequency factor for the reaction
lem consists in splitting up the whole process into subproC8—>C‘l1 is shown in Fig. 5. Figure 6 shows the logarithm of
cesses comprising only single transitions between théhe probability for the endpoint to have a certain value for
potential energy minima. Due to the long residence time insr? as obtained by umbrella sampling for the same transi-
the minima subsequent transitions can be regarded as uncdien. The values of the rate constants for all subprocesses

C. Rate constants

TABLE |. Results of the path simulations for the subprocesses of the transitions shown in Fig. 4. The first
column specifies the subprocess. For all the simulations the path length=a2G0, the reciprocal temperature
was 8= 20/e, the friction coefficient wagy=1/7y, and the time increment wast=0.02r.

Reaction Vale Vgle Visle k7o VpiTo P

cS—ct —-12.53 —-11.50 -11.037 3510713 0.37 9.46¢107 13
ci-cf —11.50 —12.53 —-11.037 7.25%10°4 0.37 1.96<10°3
Ci—C} —-12.53 —11.47 —11.040 2.7x10° 13 0.40 7.0%10 %3
C3—C} —11.47 —-12.53 —11.040 1.3% 103 0.40 3.4%10°°
ciocl —11.50 —11.47 -10.807 5.3 107 0.39 1.36<10°8
ci-ct —11.47 —-11.50 —10.807 1.3%x10°° 0.39 2.7%10°°
ci—ct —-11.50 —-11.50 —10.841 1.2x10°8 0.40 2.8x10°¢

ciocs —11.50 —-11.50 —-10.799 5.86 107 0.35 1.65¢10°®
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together with the energies of the corresponding stable state 1.0
and transition states are summarized in Table I. Obviously,
the transition rate is very low for the transitions with the
highest barrier. Therefore, the rate determining step for the 08 7
whole migration of a particle from the center of the cluster to "
its surface is the transition fro@, to a metastable state. The S
transitions between neighboring metastable states and to th_ 0.6 g, reptation 1
final stable state are comparatively fast. Whereas the plateaS
value vy, of v varies only slightly between the different sub- O
processes, the probability fact®r varies drastically deter-
mining the order of magnitude of the transition rate constant.

In order to check the validity of the rate constant calcu- g | i

lation, we also studied the reverse reactioh—CJ. For a replation

backward reaction the reactive fluX7) is the same as for

the forward one. The probability to end in the stable st'zﬁe 0.0 —= —— —

after L steps, when starting in the metastable staieis P 0 >0 100 150 200
=0.00196. This is much higher than the forward rate be- n,

0 )
cause theCy is the more stable state. The logarithm of the i 7. correlation functioe(n,) as a function of the number, of simu-
ratio between the forward and the backward rate constantgtion cycles for the subproce@3—C* at 8= 20/e and y= 1.0/, with and
ki/k,, is equal to the free energy difference between thevithout reptation moves. The paths consisted f100, 200, 400 and 800

stable and the metastable state. For this particular reactidiine slices and the time incremefit was adjusted to obtain the same total
the free energy difference is durationAt L=4.0ry,. As can be inferred from the figure using reptation

moves speeds up the simulations considerably. Since the curves do not
_ _ _ depend on the path lengthand a computer time proportional to the length
BAF _BFCO_ BFCl_ log( kf/kb) =—21.45. of the path is necessary to perform one cycle of the simulation, the compu-
tational effort of the simulation scales linearly with the length of the path
The same free energy difference can be estimated by assum-

ing the cluster is a collection of harmonic oscillators at the
temperature under consideration. The potential energy con-
tribution is simply given by the potential energy difference
of the minima,AV=V¢_ —V¢ =—1.03. The entropy differ-
ence can be estimated by the frequeneesf the harmonic
oscillators in the stable states

(Shg(x)n) 5hB(XE(/:2)>AB
C(ny)= NS .
((Sha(X(2) ) aB

Here, shg(x)) =hg(x') — (hg(x,))as is the deviation of the
characteristic functiomg(x,) from its ensemble average at

(39

[1PN-3,,Co simulation cyclei.

i=1 i . . 4

AS=Sc,—Sc,=lo on 3 |Cl’ (33 We perfor_mt_ad simulations of the subprocegsgac;l
i=1 for paths consisting df =100, 200, 400 and 800 time slices.

o o ) In order to study the same process spanning the total time
where we have eliminated the vanishing frequencies assocj-At we have to scale the time incremeft accordingly.
ated with the translation and rotation of the cluster as arpe time increments werdt/7,=0.04, 0.02, 0.01, 0.005,
the matrix of the force constants in the stable states. Becauggq the friction coefficient wasy=1/7,. The maximum

of translational and rotational invariance, three eigenvalueg,ean square displacement from the potential energy minima
will be zero(in two dimensions In the stable or metastable \yasc=0.152.
states all the other eigenvalues will be positive. The entropy A simulation cycle consisted of 1 shooting and 1 repta-
difference isAS=Sc —Sc,=1.20. The free energy differ- tion attempt. To study the effect of the reptation algorithm
ence is thenBAF=pFc —BFc =BAE—-AS=-21.80. we also performed a series of path simulations without rep-
This number is close to the value obtained from the ratdation. Figure 7 shows the correlation functid®@n,) for the
constant calculation, suggesting the validity of the transitiordifferent path lengths with and without reptation. Clearly, the
path sampling method. correlation time between paths does not change with path
length. This means that the required computer time to sample
independent path scales linearly with because for every
pathL integration steps have to be performed. This is a great
improvement over the dynamical, local and configurational
Our goal is to create an ensemble of independent pathsias schemes, used in Refs. 5 and 7, which scalke?as?
in an efficient way. The efficiency of a method is partly andL'®, respectively.
determined by the correlation between paths as a function of As is also clear from Fig. 7, the reptation algorithm has
the numbem, of simulation cycles. In this section, we ex- a huge effect on the correlation time. Reptation quickly av-
amine the scaling behavior of the efficiency of the shootingerages out correlations by shifting the path in time. The
and reptation method with the path lendth For this pur-  shooting algorithm should therefore always be used in com-
pose we introduce the following correlation function bination with reptation.

D. Efficiency and scaling
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